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Abstract. The aim of this work is studying translating graphs by mean cur- 
vature flow in R"^ . We prove non-existence of complete translating graphs over 
bounded domains in R-^. Furthermore, we show that there are only three types 
of complete translating graphs in R"^; entire graphs, graphs between two verti- 
cal planes, and graphs in one side of a plane. In the last two types, graphs are 
asymptotic to planes next to their boundaries. We also prove stability of trans- 
lating graphs and then we obtain a pointwise curvature bound for translating 
graphs in R'^. 



1. Introduction 

Mean curvature flow evolves hypersurfaces in the unit normal direction with 
speed equal to the mean curvature at each point. It is the steepest descent flow for 
the area functional. In particular, minimal hypersurfaces are stationary solutions. 
In other words, a family of smoothly embedded hypersurfaces {Mt)t£i moves by 
mean curvature if 

(1-1) ^ = 

for X e Ait and t e /, / C M an open interval. Here H(x) is the mean curvature 
vector at x G Mt- 

The evolution equation can develop singularities in finite time T, which 

are classified into two types according to the rate at which the maximal curvature, 
max|A(t)|, tends to infinity for t — > T. Here \A{t)\ is the second fundamental form 

Mt 

oi Ait- By proving the monotonicity formula, Huisken [TT] showed that the flow 
is asymptotically self-similar near a given type-I singularity and, thus, is modeled 
by self-shrinking solutions of the flow. However, the examples of convergence in 
[11 [2] indicate that type-II singularities are modeled by translating surfaces. Also, 
Huisken and Sinestrari ^13) proved that if the initial surface A4o has nonnegative 
mean curvature, then any limiting flow of a type-II singularity has convex surfaces 
Ait, t ^ Furthermore, either A^t is a strictly convex translating soliton or (up 
to rigid motion) Ait = M"~'^ x E^, where is a lower dimensional strictly convex 
translating soliton in R'^+^. The proof of this theorem used an important theorem 
of Hamilton [9] , which states that any strictly convex eternal solution to the mean 
curvature flow, where the mean curvature assumes its maximum value at a point 
in space-time must be a translating solution. 
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Note that solitons generally move by symmetries of Euclidean space, either scal- 
ing symmetries or translations, that means for these surfaces, we have 

(1.2) ^^Hix) = C + v, 

where C is the velocity vector of the translation and z/ is a vector field tangent to 
the surface Mt- When C — — | oi C — e„_|_i, we will respectively get self similar 

shrinkers and vertically translating surfaces in R"+^. If C = Ce„+i, and taking the 
inner product with the unit normal vector f, we obtain the following equation for 
translating surfaces 

(1.3) i/ = C(e„+i,u). 

Translating graphs by mean curvature flow are translating surfaces that can be 
viewed as a graph of a function over a domain. Let the graph of the function u = 

Vti \ 



u{x) be a translating graph by the mean curvature flow. Since H = div(- . 

the graph of u is a vertically translating graph with constant speed C if and only 
if M is a solution to the following equation 



(1.4) div 



Vu \ C 



In this work, we study translating graphs by mean curvature flow in R^. First of 
all, we prove these graphs are stable minimal surfaces in a certain conformal metric. 
Therefore, the curvature estimate for minimal surfaces gives us a curvature estimate 
for translating graphs. Using this curvature estimate, we obtain non-existence of 
complete translating graphs over bounded domains in R^. Furthermore, we show 
that there are only three types of complete translating graphs in M''; entire graphs, 
graphs between two vertical planes, and graphs in one side of a plane. In the last 
two types, graphs are asymptotic to planes next to their boundaries. 

The author would like to thank Bill Minicozzi and Xuan Hien Nguyen for many 
helpful discussions of this paper. 

2. Stability of translating graphs 

Colding and Minicozzi proved self similar shrinkers are stable minimal surfaces 
in a certain conformal metric [3 [6]. In this section, using the same method, we 
prove the similar statement for translating graphs, i.e. translating graphs are stable 
minimal hypersurfaces in a conformal metric. 

From now on without loss of generality we assume that the speed C = — 1. 
Define the functional F on a hypersurface E C R'^ by 

(2.1) F{J:) = J e'^'dfi. 

In the following lemma we prove translating surfaces are stable minimal hyper- 
surfaces in R"^ with respect to the conformal metric g-ij — e^^Sij. 

Lemma 2.1. If x' = jSv is a compactly supported normal variation of a hypersur- 
face E C R'^ and s is the variation parameter, then 



^F(E,) = ^/?(i/+(e3,i;))dM. 
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Proof. By the first variation formula we liave {dfi)' = /3Hdfj,. Also the s derivative 
of log(e^^) is given by (ea, v). Thus we have the lemma. □ 

Let the graph S be the graph S respect to the conformal metric g. We know 
that the hypersurface E subset of Riemannian manifold (M'^,g) is stable minimal 
hypersurface if and only if for every smooth compact support function rj over E we 
get 

(2.2) /(L,/,ry) <0, 
where 

(2.3) Lri = Ari + \A\^r] + Rrci!i3{v,v)r]. 
Note that 

(2.4) fficR3 (w, u) = 0. 
Also we have 

(2.5) A77 = e-"^(A7y - V^xgVfcT?) = e-^^Ar? + (eg, Vr?)), 

and the norm of second fundamental form respect to the conformal metric g is 

(2.6) \A\^ = e-^H\A\'-^), 
because H = (e3,f) and 



hij = e ""^-^^^^ij 



(2.7) = e-^ ( h^, - 1% 



where v is the upward unit normal of E. 

Now we are defining the second order operator L by 

Lu = Au+ (63, Vu). 

Definition 2.2. We say a translating surface is L-stable, if for any compactly 
supported function 77 we have 



(2.8) / 7yLr?e^^ < 0. 



The linear operator L is associated to normal perturbations oi H + (es, v). The 
function H + (63, v) is invariant under translations in K^, therefore (v, v) is in the 
kernel of L for any constant vector v. 

Proposition 2.3. // the translating graph E in MP with respect to the Euclidean 
metric is L-stable, then it is a stable minimal hypersurface in M'^ with respect to the 
conformal metric gij — e^^dij. 

Proof. Let rj he a, smooth compactly supported function over E equations 
(IIH), (EH) and (EH) gives 



jj2 

(2.9) Lrj = e"^^ ( Ar; + \A\^r^ - —ri + (53, Vry) 
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This implies 



E 

2 



= e"^' UA77 + l^pT^^ _ _,^2 ^ ^^g^^ 

< / e"^?7(Ar;+|Ap,7+(e3,V77)) 



(2.10) = / T^Lrie 



0^3 



Now the resuh follows from (|2.10p , the definition of stability for minimal surfaces 
T2\) and definition of L-stability ([2781) . ^ 



Lemma 2.4. For every constant vector v, we have L{v,v) — 0. 

Proof. We give a computational proof. Let 7^ be an orthonormal frame for S and 
set ^ = (v,v). Working at a fixed point P and choosing the frame 7^, so that 
V!^.7j(P) = 0, differentiating gives at P that 

(2.11) V^.e = (v, V^.u) = -ay(v,7,). 
Using Codazzi equation at P, we have 

V7,Vt,,C = -aikj{v,jj) - aij{v,ajkv). 
Taking the trace gives 

(2.12) Ae=(v,Vi/)-|A|2e. 
Notice that 

= -{'^l^e3,v) - (63, V^-^u) 
Therefore, using p. lip we have 

(2.13) (Vi/,v) =a,,(e3,7j)(7.,v) =-(e3,V0. 
Thus, by ((TT^ and we get 

LC- Ae+(Ve,e3) + |Ape = 0. □ 
Theorem 2.5. Translating graphs in M"^ are L-stable. 

Proof. Since E is a graph, there is a unit vector v in R-^ so that (v, v{x)) 7^ for 
all a; € E. We define the function ^ on S by 

£,{x) = {■v,v{x)). 

It follows that < ^ < 1 and, by Lemma 12. 4[ that — 0. Given any smooth 
compactly supported function r/ on E, the function (p = rj^ satisfies 

L{<j>) =vL^ + C (A77 + (63, V77)) + 2(Vr;, VO, 

(2.14) = e (A?/ + (£3, V7/)) + 2(Vry, V^). 
Using Stokes' theorem with ^div (^^Vr^^e^^), wc obtain 

(2.15) J i(Vr;2, VC')e-^ " " / ^"^^"^ + + vies^v)) e"^ 
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Applying p.l4p and p.lSp . we obtain 

(2.16) J (j)L{<j))e^' = - j ^^iS/Tjl^e""' <0 □ 

When E is graphical, we have a direction w for which ^ > for all a; € S. Given 
a smooth compactly supported function 0, we take ri{x) :— (j){x)/^(x). This means 
that (|2.16p is true for any compactly supported function (f), which is the definition 
of L-stability. 

Remark 2.6. Since translating graphs are L-stable, compactness theorem for stable 
minimal graphs in M'^, where M'^ is a three dimensional Riemannian manifold, 
implies compactness theorem for translating graphs in R'^ with polynomial volume 
growth. 

3. Curvature estimate 

In this section, we obtain a point wise curvature estimate for translating graphs 
by mean curvature flow in M'^. For reaching this goal, we state theorem 2.10 in [4], 
which is Schoen curvature estimate for two dimensional minimal hypersurfaces S 
immersed in Reiemannian manifold with sectional curvature jCMflSj. For x € 
M, Bs{x) denotes the extrinsic geodesic ball with radius s and center x. Similarly, 
For X £T,, Bf{x) C S denotes the intrinsic geodesic ball and r the intrinsic distance 
to X. 

Theorem 3.1 (Schoen Curvature estimate [TS], Colding-Minicozzi [3]). // C 
M'^ is an immersed stable minimal surface with trivial normal bundle and Brg = 
-B^(x) C E \ 9S], where \Km\ < fc^ and ro < pi{TT/k,k) (with pi < min{TT/k,k}), 
then for some C — C{k) and all < a < ro, 

(3.1) sup \A\^ < Ca~^. 

TQ-a 

For applying this theorem to obtain the curvature estimate, we need to compute 
the sectional curvature of 'S? respect to the conformal metric g. By doing some 
simple computations, we get for every 1 < «,j < 2, Kij = — ^e^^^, and -fC^s = 
i^a. = 0. 

Theorem 3.2. Let Y? C &e a complete translating graph in mean curvature 
flow, if Bf^^^{p) C (SnBi(p))\a(SnSi(p)), and r^e^l'^ < pi(7re-\e), then for 
some C and all < a < rg, 

(3.2) sup \A\^ < Ca-^. 

Proof. For point p E 12, let Bi be the Euclidean unit ball of radius 1 and center p 
in M.^. Define E = Eni?i, note that E is immersed submanifold in Bi = Bi{0) and 
|A|(p) = |A|(p). Now let Bi be Bi with respect to the metric gij = e^'-'~P^6ij. From 
theorem 12. 5[ E is stable minimal hypersurface in Bi . Note that we only multiplied 
the metric gij in the theorem by a constant e^^^, which wont change the results of 
theorem. 

Let the distance d be the distance corresponding to Euclidean metric and d 
the distance corresponding to the conformal metric. Note that = {a; G E : 
d{x,p) < tq}, where d{x,p) is the infimum of the length of geodesic curves con- 
necting two points p and x in E. For x — {xi,X2,X3) £ S n Bi, define minimizing 
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geodesic 7 : [0, 1] — > EH Bi in Euclidean metric, connecting p and x in E, such that 
7(0) — p and 7(1) = X. Using Cauchy Schwartz inequahty we have 

dix,o) < f'lwmdt 



^ -I3(t)-P3 . , , . . 

e 2 \l{t)\dt 

(3.3) = e^/2^(a;,0). 

This imphes if a; e B^{p) C then a; G iJ^^i/aCp)- Now define minimizing 
geodesic 7 : [0, 1] — > E n i?i connecting p and x in E n Bi, such that 7(0) = and 
7(1) — X. Using Cauchy Schwartz inequahty we have 

e-i/2d(x,0) < f e-^''^\^'{t)\dt 
Jq 

< [ e(''^(*)-P^)/^|7'(i)|di 

^WWW))dt 

(3.4) = nW{t)\\dt^dix,0). 

Jq 

This imphes if x G B^{p) C Bi, then x € Bf^^^^ip)- Note that if a; e Bf^^^^^ip), 
then X e S^oeb) C (EnBi(p))\a(EnSi(p)) which imphes that x e E\aE. Also 
if a; e Bf^ „, then x g S^^^, 

Since sectional curvature of i?i is bounded (l^iT^J < e), formula (12.61) and the- 
orem [O] hxiply that for roe^/^ < /9i(7re^^,e) and B'^^^^/^ip) C E \ 9E, for some C 
we obtain for aU x e Bf^_^{p), 

(3.5) |A|2(x) < e"^-f3|i|2(x) < Ce(ei/V)-2 = Ca'^. 

4. Classification of complete translating graphs 



□ 



In this section, we prove translating graphs over a domain f2 C are asymptotic 
to a minimal surface next to the dfl. Which implies non existence of translating 
graphs over a bounded domain. Also, it concludes that complete translating graphs 
in can only be an entire graph over or be in one side of a vertical plane or 
between two vertical parallel planes. 

Lemma 4.1. If CZ is a translating graph, then there is a d > such that for 
every p G E, E is a graph over the disk Dg{p) C TpE of radius S centered at p. 
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Proof. We will prove this lemma in two different ways. 

First, we prove by contradiction, assume that there is a sequence of points p„ G S 
so that S is a graph over the disk Ds„{pn) C Tp^^E, and (5„ — ?► 0. For fix i? > 0, we 
define /„ = Br{pn) H E. Now we translate each /„ so that p„ goes to the origin, we 
call this graph gn- Each 5„ is a translating graph in the ball Br{0) C M.^, we choose 
a subsequence of gn so that the tangent planes of gn at origin converges to some 
plane at origin. Compactness theorem for translating graphs implies that there is 
a subsequence of g„ which are converging to a translating surface goo ■ For G goo 
there is a i5 > so that goo is a graph over the disk Ds{0) C ToSoo- Thus there is 
an N large so that g„ is a graph over the disk Ds{Q) C Togn, for every n > N. 

Second way: 

Let p and q be two different point in E. There is a geodesic 7 : [0, 1] E, so 
that 7(0) = p and 7(1) = q. Now for v normal vector to the E we have 



Theorem 4.2. There is no complete translating graph E C M'^ with nonzero con- 
stant speed C over a bounded connected domain C with smooth boundary. 

Proof. The proof inspired by the one used in |10| . Suppose E is a complete immersed 
translating graph over a domain J7 C M^. Lemma [4.11 implies there exists 5 > 
such that for each p G E, E is a graph in exponential coordinates over the disk 
Ds{p) C TpE of radius S, centered at the p. We denote this graph by G{p) C E, has 
bounded geometry. Note that 5 is independent of p and the bound on the geometry 
of G{p) is uniform as well. 

We define F{p); the surface G{p) translated to height zero = x {0}, i.e, 
let ap be the isometry of which takes p to 7r(p), we denote F{p) — ap(E). 

Now, let p £ E, since E is a graph over f2, there is a function u : £7 — ?> so that 
E is the graph of u. If E is not an entire graph then Sfi ^ 0. Since E is a translating 
graph by mean curvature flow, u has bounded gradient on relatively compact subsets 
of ri. Let q G dfl be such that u does not extend to any neighborhood of q. 

Let qn be a sequence in converging to q, and let Pn = {qn,u{qn)) G E be 
images of (?„ in E. Let Fn denote the image of G{pn) under the vertical translation 
taking p„ to g„. Observe that Tq^{Fn) converges to the vertical plane P, for any 
subsequence of the Otherwise the graph of bounded geometry G{pn), would 
extend to a vertical graph beyond q, for g„ close enough to q. Hence / would 
extend; a contradiction. 

For g G we define Ls{q) a line of length 2S centered at q. Let Ls{q) be the line 
whose normal vector has the same direction as the normal vector of limit normal 
vectors of Fn. Since each Fn is a graph over Ds{pn) C Tp^(F„), the surfaces Fn 
are bounded horizontal graphs over Ls{q) x [—(5,(5] for n large. The compactness 
theorem for translating graphs implies that there is a subsequence of F^s which are 
converging to a translating surface F. The surface F is tangent to Ls{q) x [— 5, <5] 
at q. Note that F — Ls{q) x [—(5,(5]. Because if it is not the case there is a small 



(4.1) 




Hence the theorem 13.21 implies the lemma. 



□ 
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e > SO that F{q — en{q)) has two positive and negative values, where n is the unit 
normal to the Ls{q). Therefore for n large Fn is not a graph, which is contradiction. 

The plane P = Ls{q) x [— ^, J], because both planes P and Ls{q) x [—(5,(5] are 
passing through the point q S dQ and their normal vectors are the same. 

In this point, we prove u((/„) — +oo or u{qn) — oo. Let / be a line of length e 
inside fi, starting at q, orthogonal to dft at q. Let / be the graph of u over I. At 
points near q, I has no horizontal tangents, because tangent planes of u at these 
points are converging to P. So we assume u is increasing along / as one converges to 
q. If u is bounded above, then / would have a finite limit point {q, Iq) and / would 
have finite length up till {q,lq). Since E is complete, {q,lq) G S, which contradicts 
by S has a vertical tangent plane at [q, Iq). 

Note that from Lemma 12.41 1/^ satisfies an elliptic partial differential equation. 
Thus by the Harnack inequality, for any sequence qn & ^ converging to q we have 
w{qn) +00. That means H{qn) — > 0. 

Which is contradiction, since the domain is bounded, the mean curvature of the 
graph next to the boundary should converge to the mean curvature of the cylinder 
dft X R, which is not zero. □ 

Corollary 4.3. If is a complete translating graph over a domain Q, C M^, then 
next to the boundary of fl, E is asymptotic to a plane. So a translating graph over 
can only be between 2 parallel planes or in one side of a plane or an entire graph. 

Proof. From the proof of Theorem 14.21 next to the boundary of ft, the graph S 
converges to a minimal surface. Since S is complete, it can only converge to a 
vertical plane. □ 
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